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tion. The present study is focused on a dielectric elastomer resonator whose dielectric membrane is sub-
ject to combined loads of tensile forces and voltages. When the loads are static, the resonator may reach a
state of equilibrium. The stability and the natural frequency of the resonator with small-amplitude oscil-
lation around the equilibrium state are analyzed. When a periodic voltage is applied, the device resonates
at multiple frequencies of excitation. Pre-stretches and applied static voltages tune the natural frequency
and modify the dynamic behavior of the resonator. The membrane may suffer loss of tension and electro-
mechanical instability, causing the failure of the resonator. Safe operation range is identiﬁed for failure
prevention while actuating the resonator.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Dielectric elastomer (DE) consists of a soft elastomeric mem-
brane sandwiched within two compliant electrodes on both sides.
When a voltage is applied through the thickness, the DE membrane
contracts in thickness and expands in area. Transducers made of
DE possess excellent deformability, ﬂexibility, affordability, and
chemical and biological compatibility (Pelrine et al., 2000; Wissler
and Mazza, 2005a,b; Carpi et al., 2008, 2010). Recently, DE trans-
ducers have been widely used as resonators, artiﬁcial muscles,
adaptive optical elements, and programmable haptic surfaces
(Bar-Cohen, 2002; Xia et al., 2005; Anderson et al., 2010; Mckay
et al., 2010).
Most of the previous studies on DEs were focused on quasi-sta-
tic deformation, with the effect of inertia neglected. In recent appli-
cations such as resonators, DEs can operate at a frequency as high
as 50 kHz (Bonwit et al., 2006) in many applications and function
as vibration sources. DE resonators exhibit promising advantages
over conventional resonators since their natural frequencies can
be set by structural parameters during fabrication and can be
actively tuned by the applied static voltage. Researchers have
designed DE resonators with different conﬁgurations. In a
large-strain, high-frequency application, the elastomer membrane
undergoes nonlinear oscillation. The dynamic behavior of a DE
membrane resonator under voltages and pressures has been inves-
tigated (Mockensturm and Goulbourne, 2006; Fox, 2007; Fox andll rights reserved.
eering Mechanics, ZhejiangGoulbourne, 2008, 2009). Dubois et al. (2008) demonstrated the
active tuning of resonant frequencies by applying voltage on a cir-
cular membrane resonator. Zhu et al. (2010a) and Yong et al.
(2011) theoretically studied the dynamic behavior of DE mem-
brane resonators. Feng et al. (2011) studied the oscillation of a
DE-based micro-beam resonator and predicted the performance
of the device against the Q-factor and the resonant frequency shift
ratio. Interesting phenomena under electromechanical loads have
been reported in DE actuators. Kollosche et al. (2012) investigated
the ‘pure-shear’ DE actuators and observed that the voltage-defor-
mation transition, the electromechanical instability and the loss of
tension may occur during actuation, while the pre-stretches signif-
icantly alter the behavior of actuators. Keplinger et al. (2011) and Li
et al. (submitted for publication) investigated a DE-based mem-
brane inﬂation actuator and showed that the voltage-deformation
response of the actuator was dictated by the mechanical loading
paths. Explored also are the modes of failure that limit the perfor-
mance of DE transducers (Wissler and Mazza, 2005a,b; Plante and
Dubowsky, 2006, 2007; Carpi et al., 2010). Artiﬁcial Muscle Inc.
(AMI) has fabricated a resonator recently, named Reﬂex™ HIC Slide
Actuator HIC-512 (Biggs and Hitchcock, 2010). The resonator con-
sists of soft dielectric membranes, a rigid frame and mass bars. The
dynamic performances, such as strokes and acceleration responses,
of the resonator with different input frequencies were examined in
experiments. However, the pre-stretch effect and loading paths ef-
fect on actuation, loss of tension, electromechanical instability, and
active tuning of the resonate frequency have yet to be studied for
this DE-based resonator.
The aim of this paper is to develop an analytical model for the
tunable dielectric elastomer resonator, with speciﬁc conﬁguration
referred to the Reﬂex™ HIC Slide Actuator HIC-512. The attention
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tion, as well as loss of tension, electromechanical instability, and
active tuning of the resonate frequency. The work is presented as
follows. Section 2 derives the equation of motion using the method
of virtual work. Section 3 describes the state of equilibrium under
static loads. Section 4 studies the small oscillation around the equi-
librium state, as well as the tuning of the natural frequency of the
resonator by pre-stretches and static applied voltages. Section 5
studies the parametric excitation with sinusoidal voltage.2. Equation of motion
When an AC voltage is applied, the resonator oscillates around
the state of equilibrium. The small-amplitude oscillation is gov-
erned by the equation of motion. To analyze the electromechanical
behavior of the DE resonator, we derive the equation of motion un-
der oscillation considering the inertia effect. Fig. 1 shows the sche-
matics of the resonator. Fig. 1a displays a DE membrane of
thickness H, with length L1 in the 1-direction and L2 in the 2-direc-
tion in a non-deformed state. The membrane is pre-stretched with
the stretch k1p in the 1-direction and k2p in the 2-direction, as illus-
trated in Fig. 1b. The membrane is then attached to a rigid frame to
maintain the pre-stretch. Two rigid mass bars with lumped massm
sandwich the dielectric elastomer membrane and divide it into two
parts, marked as membrane A and membrane B. As shown in
Fig. 1a, L1A and L1B are the original lengths along the 1-direction
of membranes A and B in the undeformed state, with L1A + L1B = L1.
After the pre-stretch, membrane A is deformed to k1pL1A along the
1-direction and is coated on both surfaces with compliant elec-
trodes as the active part. The passive part, membrane B, is de-
formed to k1pL1B in the 1-direction. In the actuated state, a
voltage UA is applied to the two electrodes of membrane A, as de-
picted in Fig. 1c. Membranes A and B have the deformed lengths
L1A k1A and L1Bk1B in the 1-direction, and L2k2A and L2k2B in the 2-
direction. Here k1A, k1B, k2A, and k2B denote the stretches. Because
the DE membranes are incompressible, membranes A and B have
the deformed thicknesses H=ðk1Ak2AÞ and H=ðk1Bk2BÞ. Electrons ﬂow
from one electrode of membrane A to the other and the two elec-
trodes gain charges +QA and QA. Viewing membrane A as a paral-
lel capacitor, one may calculate the charge on the electrode as
QA ¼ UA
eL1AL2
H
k21Ak
2
2A; ð1Þ
where e is the permittivity of the elastomer. Following the deforma-
tion of membranes A and B, mass bars move to a new position.Fig. 1. Schematics of a DE resonator in three states. (a) Undeformed state. The
membrane is of length L1 in the 1-direction, length L2 in the 2-direction, and
thickness H. (b) Pre-stretched state. The membrane is pre-stretched in the 1- and 2-
directions and is held by rigid frames. The membrane is of length L1k1p in the 1-
direction and length L2k2p in the 2-direction. Rigid bars with lumped mass m
sandwich the membrane and divide it into membrane A and membrane B.
Electrodes are coated on both sides of membrane A. (c) Actuated state. In response
to the voltage UA applied on membrane A, membrane A is of length LAk1A in the 1-
direction while membrane B is of length LBk1B in the 1-direction, and the mass bar
moves accordingly.During actuation, the membranes deform mainly in plane. The total
length of the membranes in the 1-direction would remain constant
until loss of tension happens in the 1-direction and membranes
wrinkle, so that L1Ak1A þ L1Bk1B ¼ L1k1p.
In the spirit of the recent theoretical studies of elastic dielectrics
(Dorfmann and Ogden, 2005; McMeeking and Landis, 2005; Suo
et al., 2008), one may state the thermodynamics of elastic dielec-
trics and the kinematics of membranes A and B. Membrane A rep-
resents a thermodynamic system of three independent variables
k1A, k2A and UA, while membrane B of k1B, k2B and UB. Both mem-
branes A and B are held at the ambient temperature. Membranes
A and B are characterized by the Helmholtz free energy densities
WAðk1A; k2A;UAÞ and WBðk1B; k2B;UBÞ, which represent their total
free energies in the deformed state scaled by the volume of the
membranes in an undeformed state. Both systems of membranes
A and B evolve with time t. As shown in Fig. 2, membrane A is sub-
ject to the voltageUA and tensile forces P1A and P2A in the 1- and 2-
directions, while membrane B is only subject to tensile forces P1B
and P2B.
When the kinematic variables, k1A and k2A, vary slightly, the
free-energy density of membrane A changes accordingly, and the
tensile forces do work of P1AL1Adk1A and P2AL2dk2A. When the charge
on the electrode varies by dQA, the applied voltage does a work of
UAdQA.
During actuation, the inertia force in each material element
along the 1-direction is: qL2Hx2ðd2k1A=dt2Þ. The total work done
by the initial force can be integrated along the length direc-
tion: qL2Hðd2k1A=dt2Þdk1A
R L1A
0 x
2dx, which gives ðL31AqL2H=3Þ
ðd2k1A=dt2Þdk1A, where q denotes the density of the elastomer
membrane. The same result can be obtained by the variation of
kinetic energy:
dðR L1A0 12qL2Hx2ðdk1Adt Þ2dxÞ ¼  @@t ðR L1A0 12qL2Hx2ðdk1Adt Þ2dxÞdt
¼ qL2H d
2k1A
dt2
dk1A
dt dt
R L1A
0 x
2dx
¼  L31A3 qL2H d
2k1A
dt2
dk1A:
ð2Þ
For an arbitrary variation of the system, the variation in the free
energy of membrane A is equal to the work done jointly by the
voltage, the tensile forces and the inertia force,
L1AL2HdWA ¼ UAdQA þ P1AL1Adk1A þ P2AL2dk2A 
L31A
3
qL2H
 d
2k1A
dt2
dk1A: ð3aÞ
Similarly, for membrane B, with UB = 0, QB = 0, one has
L1BL2HdWB ¼ P1BL1Bdk1B þ P2BL2dk2B  L
3
1B
3
qL2H
d2k1B
dt2
dk1B ð3bÞFig. 2. Schematics of membranes A and B in an actuated state. Membrane A is
subject to a voltage UA and a tensile force P1A in the 1-directoin. Membrane B is
subjected to a tensile force P1B in the 1-directoin. P1A is equal to P1B
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posed into a static electric energy density and an elastic energy
density. The membranes are taken as ideal dielectric elastomers,
whose dielectric behaviors are hardly affected by deformation. To
capture the strain stiffening effect, we adopt the Gent model to cal-
culate the elastic energy density. Accordingly, the free-energy den-
sity functions of membranes A and B take the following form
WA ¼ lJlim2 logð1
k21A þ k22A þ k23A  3
Jlim
Þ þ e
2
UA
H
 2
k21Ak
2
2A; ð4aÞ
WB ¼ lJlim2 log 1
k21B þ k22B þ k23B  3
Jlim
 !
þ e
2
UB
H
 2
k21Bk
2
2B ð4bÞ
In Eq. (4), the ﬁrst term on the right hand side describes the
elastic energy, with l being the shear modulus and Jlim a constant
related to the limiting stretch (Gent, 1996). The material is taken as
incompressible, so that the stretches in the thickness direction of
the membrane relate to the longitudinal and latitudinal ones by
k3A ¼ 1=ðk1Ak2AÞ and k3B ¼ 1=ðk1Bk2BÞ. Nominal stresses of mem-
branes A and B are deﬁned as s1A = P1A/(L2H), s1B = P1B/(L2H) in
the 1-direction, and s2A = P2A/(L1AH), s2B = P2B/(L1BH) in the 2-
direction.
Lengths of membranes A and B in the 1-direction are typically
much less than those in the 2-direction. The rigid mass bars sand-
wich the membrane and restrain the deformations of membranes
A and B in the 2-direction. As an idealization, we assume that
the stretches in the 2-direction of both membranes are the same,
i.e. k2A ¼ k2p and k2B ¼ k2p, until loss of tension occurs in the 2-
direction. Without loss of tension, the nominal stresses of mem-
brane A can be derived from Eqs. (3) and (4) as (see Appendix A):
s1A
l
¼ k1A  k
3
1A k
2
2p
1 ðk21A þ k22p þ k21A k22p  3Þ=Jlim
 e
l
UA
H
 2
k1Ak
2
2p
þ L
2
1A
3l
q
d2k1A
dt2
; ð5Þ
s2A
l
¼ k2p  k
3
2p k
2
1A
1 ðk21A þ k22p þ k21A k22p  3Þ=Jlim
 e
l
UA
H
 2
k2pk
2
1A ð6Þ
Similarly, nominal stresses of membrane B take the form
s1B
l ¼
k1B  k31B k22p
1 ðk21B þ k22p þ k21B k22p  3Þ=Jlim
 el
UB
H
 2
k1Bk
2
2p
þ L
2
1B
3l
q
d2k1B
dt2
; ð7Þ
s2B
l
¼ k2p  k
3
2p k
2
1B
1 ðk21A þ k22p þ k21B k22p  3Þ=Jlim
 e
l
UB
H
 2
k2pk
2
1B ð8Þ
when s2A = 0, membrane A suffers loss of tension and wrinkles
in the 2-direction, as reported in the ‘pure shear’ actuator (Kollo-
sche et al., 2012). After loss of tension, the actuator is under uniax-
ial tension in the 1-direction, the nominal stresses of membrane A
and B take new forms, and Eqs. (5-8) will be rewritten as listed in
Appendix B.
During actuation, the actuator is modeled with the consider-
ation on the mass of the rigid bars. The equation of motion is ex-
pressed as:
P1A  P1B þmL1A d
2k1A
dt2
¼ 0; ð9Þ
where m is the lumped mass of the rigid bars sandwiching the
membrane.In an undeformed state, the length of membrane A in the 1-
direction is a times that of membrane B, i.e. L1A = aL1B. In an actu-
ated state, stretches of membranes A and B in the 1-direction sat-
isfy k1B ¼ k1p þ aðk1p  k1AÞ. Substituting Eqs. (5-8) into Eq. (9), one
obtains the equation of motion as
d2k1A
dt2
þb k1Ak
3
1A k
2
2A
1ðk21Aþk22Aþk21A k22A 3Þ=Jlim
 e
l
UA
H
 2
k1Ak
2
2A
 
 ðk1pþaðk1pk1AÞÞðk1pþaðk1pk1AÞÞ
3k22p
1ððk1pþaðk1pk1AÞÞ2þk22pþðk1pþaðk1pk1AÞÞ2k22p 3Þ=Jlim
!
¼0
ð10Þ
where
b ¼ 1 L1Am
lHL2
 q L
2
1A
3l
þ a L
2
1B
3l
 ! !,
ð11Þ
The dimensionless time t
ﬃﬃﬃ
b
p
and dimensionless voltage
U=H
ﬃﬃﬃﬃﬃﬃﬃﬃ
e=l
p
will be used in the sequel. When loss of tension occurs
on membrane A or B, the membrane may wrinkle. Tensile stresses
in membranes A and B should be calculated under uniaxial tension
condition (see Appendix B), and Eq. (10) will be revised as sug-
gested therein.
3. Membrane under static voltage
Under the application of static voltage, a DE resonator may
reach a state of equilibrium. At that state, stability and failure
modes during the actuation may be analyzed by the equilibrium
equation. For the resonator, its equilibrium equation can be de-
rived from the equation of motion by neglecting the inertia effect.
When a static voltage is applied to membrane A, charges of oppo-
site signs are induced on two electrodes. The electrostatic attrac-
tion causes membrane A to contract in thickness and to elongate
in the 1-direction with a stretch k1A. While membrane B shrinks
with a stretch k1B. Mass bars move to a new position. In a state
of equilibrium, Eq. (10) is reduced to
k1Ak31A k22A
1ðk21Aþk22Aþk21A k22A 3Þ=Jlim
 e
l
UA
H
 2
k1Ak
2
2A
 ðk1pþaðk1pk1AÞÞðk1pþaðk1pk1AÞÞ
3k22p
1ððk1pþaðk1pk1AÞÞ2þk22pþðk1pþaðk1pk1AÞÞ2k22p 3Þ=Jlim
¼0
ð12Þ
Consider a simple but a frequently used case where the mass
bars are located in the middle of the membrane. In the undeformed
state, lengths of membranes A and B in the 1-direction are identi-
cal, i.e. a = 1. Fig. 3a plots the voltage–stretch curve predicted by
Eq. (12) with pre-stretches k1p ¼ 2 and k2p ¼ 3. Stretch k1A in-
creases with the applied voltage, while tensile stresses s1A and
s2A decrease. In Fig. 3b, the red solid curve characterizes the rela-
tion between the nominal stress s1A and the applied voltage, and
the black dash curve the relation between the nominal stress s2A
and the applied voltage. When s2A diminishes, loss of tension oc-
curs on the 2-direction. Membrane A keeps elongating, while the
equilibrium state has to be calculated according to the uniaxial
tension case. Similar behavior has been reported in the ‘pure shear’
actuator (Kollosche et al., 2012). The red dot in Fig. 3a indicates the
critical point of s2A = 0 on the voltage–stretch curve. The blue solid
curve represents the voltage–stretch relation under the condition
of k2A ¼ k2p. The blue dash curve, on the other hand, shows the
voltage–stretch relation under uniaxial tension condition, s2A = 0.
The tensile stress s1A declines with the expansion of membrane
A. When s1A diminishes, loss of tension happens and the membrane
wrinkles in the 1-direction. The mass bar will not move in plane
and may fall out of plane since the membrane no longer supports
Fig. 3. (a) The equilibrium stretch of membrane A in the 1-direction as a function of
the applied voltage. The state of loss tension in the 2-direction, i.e.s2A = 0, is marked
by a red dot. The state of loss tension in the 1-direction, i.e. s1A = 0, is marked by a
black star. (b) The nominal stresses in membrane A in the 1 and 2-directions as
functions of the applied voltage. Red solid curve shows the nominal stress s1A in the
1-direction versus the applied voltage. Black dashed line illustrates the relation in
the 2-direction. The parameters are a = 1, k1p ¼ 2 and k2p ¼ 3. (For interpretation of
the references to colour in this ﬁgure legend, the reader is referred to the web
version of this article.)
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failure mode of the resonator. In Fig. 3a, the black star shows the
critical point of s1A = 0 on the voltage–stretch curve.
The rising and falling in voltage-stretch curve indicate a snap-
through electromechanical instability (Zhao et al., 2007; Zhou
et al., 2008; Liu et al., 2011). When the applied voltage reaches
the peak (s2A = 0), membrane A will keep expanding at this voltage
until loss of tension occurs in the 1-direction (s1A = 0).
Consequently, the electromechanical instability will cause the
membrane to wrinkle and fail the resonator.Fig. 4. The equilibrium stretch of membrane A in the 1-direction k1A as a function of
the applied voltage for various pre-stretches. (a) Pre-stretch in the 1-direction is
ﬁxed at k1p ¼ 2 while pre-stretch in the 2-direction varies (k2p = 1, 2, and 4). (b) Pre-
stretch in the 2-direction is kept at k2p ¼ 2 while pre-stretch in the 1-direction
varies (k1p = 1, 2, and 4). The length ratio is taken as a = 1.Previous studies reported that pre-stretches strongly affect the
behavior of DE actuators (Koh et al., 2011; Kollosche et al., 2012).
For different pre-stretches, the voltage-stretch responses of the
resonator may vary. Fig. 4a plots the voltage–stretch curves with
the same pre-stretch of k1p ¼ 2 in the 1-direction, but different
pre-stretches, k2p = 1, 2, 4, in the 2-direction. As discussed before,
loss of tension, as well as electromechanical instability, may occur.
Similar to Fig. 3a, circles on voltage–stretch curves represent the
points that s2A = 0, and stars represent the ones of s1A = 0. Fig. 4a
shows that higher pre-stretches in the 1-direction tilt up the volt-
age–stretch curves and make the resonator more actuable. Larger
k2p delays the loss of tension in the 1-direction and suppresses
the electromechanical instability. When k2p ¼ 4, loss of tension in
the 1-direction is suppressed, and consequently the electrome-
chanical instability is eliminated. The stretch k1A increases
monotonically with the voltage till s1A = 0. Fig. 4b plots the volt-
age–stretch relation with the same pre-stretch, k2p ¼ 2, in the 2-
direction but different pre-stretches, k1p = 1, 2, 4, in the 1-direction.
The voltage–stretch curves vary with pre-stretches. When k1p ¼ 1,
the situation of s1A = 0 occurs prior to the occurrence of s2A = 0.
The effect of mechanical loading paths on the voltage-actuation
responses of DE actuators has been reported recently. In the reso-
nator, membrane B exerts a tensile force on membrane A. When
the pre-stretches are ﬁxed, loading path of the tensile force can
be modiﬁed by the parameter a, deﬁned in Section 2. When
a >> 1, the elongation of membrane A induces signiﬁcant relaxa-
tion of membrane B. Tensile force in the 1-direction declines
sharply, which results in high actuation voltage for the resonator.
By contrast, when a << 1, tensile stress in the 1-direction hardly
falls during actuation. In the limit case of a? 0, the voltage-stretch
relation recovers the situation of ‘pure shear’ actuator with
constant tensile force (Kollosche et al., 2012). In Fig. 5, the pre-
stretches are ﬁxed as k1p ¼ 2 and k2p ¼ 2. The voltage–stretch
curves with different original length ratio of membranes A and B
are plotted: (a) a = 0.5, 1, 10; and (b) a = 0.2, 0.0001. Smaller
amakes it easier for the resonator to be actuated with voltage.
Voltage–stretch behavior of the resonator becomes insensitive to
a whena 60.2.Fig. 5. The equilibrium stretch of membrane A in the 1-direction k1A versus the
applied voltage for various length ratios. (a) a = 0.5, 1, 10; (b) a = 0.2, 0.0001. When
the length ratio a is smaller than 0.2, the stretch-voltage curve becomes insensitive
to a, and recovers the dead load case of a? 0. The adopted parameters are k1p ¼ 2
and k2p ¼ 3.
Fig. 6. The natural frequency ~x0 of the resonator versus the applied voltage for
various pre-stretches. (a) Pre-stretch in the 1-direction is ﬁxed at k1p ¼ 2 while pre-
stretch in the 2-direction takes the values of k2p = 1, 2 or 4. Operation range for k2p =
4 is marked. (b) Pre-stretch in the 2-direction is ﬁxed at k2p ¼ 2 while pre-stretch in
the 1-direction takes the values of k1p = 1, 2 or 4. The length is taken as ratio a = 1.
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Following the method adopted in analyzing dielectric elasto-
mers under nonlinear oscillation (Zhu et al., 2010b; Yong et al.,
2011), we consider a state of equilibrium of the resonator. When
a static voltage UA is applied, membrane A deforms with a stretch
keq in the 1-direction. The structure is perturbed from this equilib-
rium state. The stretch of membrane A takes the form
k1AðtÞ ¼ keq þ DðtÞ; ð13Þ
where D(t) is the amplitude of perturbation, and is taken to be
small.
When the resonator vibrates at high frequencies in a narrow
space, loss of tension and wrinkles may happen on the membrane.
In this situation, resonator will fail by the collision or the short
circuiting between the membranes and the containment of the res-
onator. We restrain the operation range of the resonator to that
without the loss of tension in membranes, and assume that the
membranes always satisfy the condition of k2A ¼ k2B ¼ k2p. Rewrite
Eq. (10) as
gðUA; k1AÞ þ d
2k1A
dt2
¼ 0; ð14Þ
where
gðUA;k1AÞ¼b
k1Ak31A k22p
1ðk21Aþk22pþk21A k22p 3Þ=Jlim
 e
l
UA
H
 2
k1Ak
2
2p
 
 ðk1pþaðk1pk1AÞÞðk1pþaðk1pk1AÞÞ
3k22p
1ððk1pþaðk1pk1AÞÞ2þk22pþðk1pþaðk1pk1AÞÞ2k22p 3Þ=Jlim
!
ð15Þ
The function gðUA; k1AÞ is expanded into a power series around
the equilibrium stretch keq. To the leading order in D, the equation
of motion (10) becomes
d2D
dt2
¼ ~x20D ð16Þ
The natural frequency of the resonator takes the form
~x20 ¼
@gðUA; keqÞ
@k1A
; ð17Þ
where ~x0 ¼ x0=
ﬃﬃﬃ
b
p
is the dimensionless natural frequency. The
partial derivative @gðUA; k1AÞ=@k1A is evaluated at k1A ¼ keq, and is
a constant independent of time. It can be observed from Eq. (10)
that the inertia effect of the membrane is negligible when
L1Am
HL2
>> q L
2
1A
3 þ a
L21B
3
 
.
The natural frequency and the dynamic response of the resona-
tor are determined by the static voltage UA, the pre-stretches k1p
and k2p, and the coefﬁcients a, b and Jlim. For an active tuning
resonator, the tunability and the safe range of natural frequency re-
ﬂect the band width of the devices. The shift in resonant frequency
reﬂects the tuning sensitivity of the devices. Therefore, larger shifts
in natural frequency and range are desirable.
Fig. 6 plots that the natural frequency-voltage relation with dif-
ferent pre-stretches. In Fig. 6a, pre-stretch in the 1-direction is kept
constant, k1p ¼ 2, while the pre-stretches in the 2-direction vary as
k2p = 1, 2, 4. When k2p = 1, 2, a higher voltage softens the mem-
brane and knocks down the natural frequency of the resonator, un-
til the loss of tension occurs in the 2-direction, as marked by blue
and red dots. When k2p ¼ 4, a higher voltage ﬁrst reduces and then
enhances the natural frequency of the resonator. This rising and
falling voltage-natural frequency curve indicates the stiffening of
the resonator under the actuation voltage, which was shown in
Fig. 4a, when k1p ¼ 2 and k2p ¼ 4. The minimum point on thevoltage versus natural frequency curve corresponds to the inﬂec-
tion point on the voltage-stretch curve. Loss of tension happens
in the 1-direction marked by a black star. It is observed that when
k1p ¼ 2 and k2p ¼ 4, the resonator has a relatively wide tuning
range ( ~x0 = 1.5–3.3) and a high frequency shift in a narrow range
of applied voltages (~UA = 0.23-0.28). In Fig. 6b, the pre-stretch in
the 2-direction is kept constant, k2p ¼ 2, while the pre-stretches
in the 1-direction vary as k1p = 1, 2, 4. When k1p = 2, 4, a higher
voltage reduces the natural frequency of the resonator, until loss
of tension happens in the 2-direction, as marked by red and black
dots. When k1p ¼ 4, a higher voltage would ﬁrst reduce and then
enhance the natural frequency until loss of tension happens in
the 1-direction, as marked by a blue star. When loss of tension hap-
pens, the device may become unstable and hard to be tuned by
voltage. As discussed before, resonator will fail by the wrinkles of
membranes. To avoid failure while tuning, it is essential to control
the applied voltage within a safe range. The safe range of the ap-
plied voltage is deﬁned as the region from UA = 0 to the voltage
level that causes the loss of tension in either 1- or 2-direction.
The electrical breakdown is another failure mode in DE-based actu-
ators. In some cases, the electrical breakdownmay occur before the
loss of tension or the electromechanical instability. Electrical
breakdown is affected by material properties and the defects in
DE membrane. Following the study of electric breakdown failure
of DE actuator (Koh et al., 2011), the maximum applied voltage
can be calculated by solving U=ðHk1k2Þ ¼ EB and Eq. (12). We take
VHB elastomer as a representative DE material. The material
parameters (Wissler and Mazza, 2005a,b; Koh et al., 2011) are
set as: electric breakdown ﬁeld EB = 160 MV/m, shear modulus
l = 0.068 MPa and permittivity e = 4.5e0. It is not the aim of the
present work to analyze the electrical breakdown failure, here
we only take the case of k1p ¼ 2 and k2p ¼ 4 to exemplify the
electric breakdown effect. In that case, the maximum voltage
applied to the resonator before electric breakdown is
ðUmax=HÞ
ﬃﬃﬃﬃﬃﬃﬃﬃ
e=l
p ¼ 0:27. In Fig. 6a, the red cross on the black curve
marks the location of electric breakdown. The operation range of
the resonator is deﬁned from zero applied voltage to the electric
breakdown limit. Electric breakdown restricted the operation
range of the resonator.
Fig. 7. Nonlinear oscillations of the resonator subject to a sinusoidal voltage for
various excitation frequencies. Red curves depict the excitations of the resonator,
while blue curves depict the input voltage signals: (a) X ¼ ~x0=2, (b) X ¼ 2 ~x0, (c)
X ¼ ~x0. The length ratio is taken as a = 1, and the pre-stretches are k1p ¼ 2 and
k2p ¼ 4. The sinusoidal voltage is set as ~UDC ¼ 0:2, and ~UAC=~UDC ¼ 0:05. (For
interpretation of the references to colour in this ﬁgure legend, the reader is referred
to the web version of this article.)
Fig. 8. (a) Excited by a sinusoidal voltage, the resonator resonates at several values
of the frequency of excitation. The oscillating amplitude is plotted as a function of
the frequency of excitation. (b) The comparison of experiment (blue curve) and
simulation (red curve) results. (For interpretation of the references to color in this
ﬁgure legend, the reader is referred to the web version of this article.)
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When the applied voltage varies with time, the dynamic behav-
ior of the resonator is described by a time dependent stretch k1AðtÞ
of membrane A in the 1-direction. To illustrate the dynamic behav-
ior, we prescribe the voltage signal applied on membrane A as
U ¼ UDC þUAC sinðXtÞ; ð18Þ
where UDC denotes the static voltage, UAC the amplitude of the AC
voltage, and X the frequency of excitation. The equation of motion,
Eq. (10), becomes
d2k1A
dT2
¼ k1Ak
3
1A k
2
2p
1ðk21Aþk22pþk21A k22p 3Þ=Jlim
þ ~U2DC 1þ
UAC
UDC
sinð~XTÞ
 2
k1Ak
2
2p
þ ðk1pþaðk1pk1AÞÞðk1pþaðk1pk1AÞÞ
3k22p
1ððk1pþaðk1pk1AÞÞ2þk22pþðk1pþaðk1pk1AÞÞ2k22p 3Þ=Jlim
ð19Þ
In Eq. (19), ~X ¼ X= ﬃﬃﬃbp is the dimensionless excitation frequency,
T ¼ t ﬃﬃﬃbp the dimensionless time, and ~UDC ¼ UDC=H ﬃﬃﬃﬃﬃﬃﬃﬃe=lp the
dimensionless voltage.
DE resonators will undergo parametric excitation when the
oscillatory voltage is applied (Nayfeh and Mook, 1979; Jordan
and Smith, 1987; Zhu et al., 2010b). The time-dependent stretch
can be obtained by solving (19) for a given initial condition. When
the static voltage is set as ~UDC ¼ 0:2, the resonator could attain a
state of equilibriumwith the stretch of membrane A in the 1-direc-
tion keq ¼ 2:7944, and with the natural frequency ~x0 ¼ 1:424. This
equilibrium state serves as the initial condition in the following
numerical simulation. We then apply the alternating voltage.
When the numerical solution of k1AðtÞ attains a steady state of
oscillation, the amplitude of oscillation is deﬁned as half of the
difference between the maximal and minimal values of k1AðtÞ.Figs. 7a-c exhibit the numerical results of k1AðtÞ for the same
amplitude ~UDC ¼ 0:2 and UAC/UDC = 0.05, while different frequen-
cies of excitation, ~X ¼ ~x0=2, ~X ¼ ~x0 and ~X ¼ 2 ~x0, are imposed.
The resonator oscillates strongly when the frequency of excitation
is around the natural frequency of ~X ¼ ~x0. By applying different
DC voltages UDC, as discussed in Section 4, natural frequency
may be tuned.6. Discussion
Fig. 8a plots the stroke of the resonator as a function of the fre-
quency of excitation. The length ratio is taken as a = 1, and the pre-
stretches are k1p ¼ 2 and k2p ¼ 4. The sinusoidal voltage is set as
~UDC ¼ 0:2, and ~UAC=~UDC ¼ 0:05. Resonator vibrates most strongly
when the frequency of excitation is around the natural frequency,
~X ¼ ~x0. The resonator stroke also peaks at ~X ¼ ~x0=2 and ~X ¼ 2 ~x0
as subharmonic and superharmoinc resonance occur. Resonance at
multiple values of the frequency of excitation is common for para-
metric excitation, and has been reported for a DE resonator (Nay-
feh and Mook, 1979; Jordan and Smith, 1987; Zhu et al., 2010b).
The Reﬂex™ HIC Slide Actuator HIC-512 is consisted with 4 seg-
ments of the modeled actuator. The blue curve in Fig. 8bshows
the Reﬂex™ HIC Slide Actuator HIC-512 product data (2010) of
nonlinear oscillations under various excitation frequencies (Biggs
and Hitchcock 2010). For commercial reasons, certain values re-
lated to the material, such as the geometries and the excitation
voltage signal, have not been reported. To verify our model
qualitatively, we set the parameters in our model according to
the known experiment data: l = 18kPa, m = 25g, H = 1mm,
L1A = 10mm, L2 = 40 mm, e = 4.16  1012 F/m, k1p ¼ 2 and k2p ¼ 4.
The excitation voltage signal as: U =UDC +UAC sin (Xt), with X
being the frequency of excitation, UDC = 1kV, UAC/UDC = 0.01. The
red curve in Fig. 8b is the simulation result. The overall behavior
of nonlinear oscillations are qualitatively comparable. The reso-
nance frequency and resonance stroke (the resonance peak) agrees
quite well between the experiment and the modeling results. The
widths of the peak, however, are considerably different. The
discrepancy between experiment and modeling may result from
following reasons: (1) the experiment data reports the resonance
3760 T. Li et al. / International Journal of Solids and Structures 49 (2012) 3754–3761behavior of the actuator consists of four segments, however the
simulation only one segment; (2) the applied voltage signals in
experiments may differ from the assumed sinusoidal signals in
simulations; and (3) the lack of damping effect in the simulation.
In the Reﬂex™ HIC Slide Actuator HIC-512 (2010) product data, a
damping effect after an input voltage pulse is also reported. Since
neither viscoelasticity nor current leakage has been included as a
dissipation mechanism, the present analysis is unable to demon-
strate the damping effect. This discrepancy between theory and
experiment and the dissipation mechanisms need to be resolved
in future studies.
7. Concluding remarks
A DE membrane resonator with in-plane deformation is ana-
lyzed. The equation of motion is described with stretches of the
DE membrane. When a static voltage is applied, the resonator
may reach a state of equilibrium. Loss of tension, electromechani-
cal instability and electric breakdown may occur and the resonator
may fail. The safe range of applied voltages is identiﬁed. The pre-
stretches and the original length ratios of active and passive mem-
branes strongly affect the behavior of the resonator. We calculate
the natural frequency of the resonator with oscillation of small
amplitude about the equilibrium state. When the voltage is sinu-
soidal, the membrane resonates at multiple frequencies of excita-
tion. Dynamic response of the resonator can be modiﬁed by
actively tuning the natural frequency with static voltage or setting
device parameters, such as pre-stretches, length ratios of active
and passive membranes, and the lumped mass of rigid bars. This
analysis may provide guidelines for the design of tunable DE reso-
nators. Further analysis may include the dissipation mechanisms,
such as viscoelasticity and current leakage.
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and Applied Sciences at Harvard.Appendix A. Equilibrium equations before the loss of tension
Without the loss of tension, the nominal stresses of membrane
A in the 1-direction can be derived from Eqs. (3) and (4). From Eq.
(3a), one has:
P1Adk1A
L2H
¼ dWA 
UAdQA þ P2AL2dk2A  L
3
1A
3 qL2H
d2k1A
dt2
dk1A
L1AL2H
ðA:1Þ
Substitute Eq. (4a) into (A.1) and manipulate, one arrives at:
P1Adk1A
L2H
¼d lJlim
2
log 1k
2
1Aþk22Aþk23A3
Jlim
 ! !
þdðe
2
UA
H
 2
k21Ak
2
2AÞ
UA 2UA
eL1AL2
H k
2
2Ak1Adk1A
  L31A3 qL2Hd2k1Adt2 dk1A
L1AL2H
ðA:2Þ
After algebraic manipulation, the right hand side is reduced to:
P1Adk1A
L2H
¼ k1A  k
3
1A k
2
2A
1 ðk21A þ k22A þ k21A k22A  3Þ=Jlim
ldk1A
eðUAH Þ2k1Ak22Adk1A þ
L21A
3 q
d2k1A
dt2
dk1A
ðA:3ÞObserve that s1A = P1A/(L2H) from the deﬁnition of nominal
stress, one further has:
s1A
l
¼ k1A  k
3
1A k
2
2p
1 ðk21A þ k22A þ k21A k22A  3Þ=Jlim
 e
l
UA
H
 2
k1Ak
2
2A
þ L
2
1A
3l
q
d2k1A
dt2
ðA:4Þ
The nominal stresses of membrane A in the 2-direction can be
derived analogously.
Appendix B. Membrane under uniaxial tension
When membrane A or B is under uniaxial tension, membrane
wrinkles in the 2-direction. The stretches in the 2-direction of
membrane A or B would no longer satisfy the condition of
k2A ¼ k2p or k2B ¼ k2p. If the compressive stress in the 2-direction
is neglected, i.e. s2A = 0, Eqs. (4) and (5) are replaced by
s1A
l
¼ k1A  k
3
1A k
2
2A
1 ðk21A þ k22A þ k21A k22A  3Þ=Jlim
 e
l
UA
H
 2
k1Ak
2
2A
þ L
2
1A
3l
q
d2k1A
dt2
ðB:1Þ
k2A  k32A k21A
1 ðk21A þ k22A þ k21A k22A  3Þ=Jlim
 e
l
UA
H
 2
k2Ak
2
1A ¼ 0 ðB:2Þ
Similarly, Eqs. (6) and (7) should be replaced by
s1B
l
¼ k1B  k
3
1B k
2
2B
1 ðk21B þ k22B þ k21B k22B  3Þ=Jlim
 e
l
UB
H
 2
k1Bk
2
2B
þ L
2
1B
3l
q
d2k1B
dt2
; ðB:3Þ
k2B  k32B k21B
1 ðk21A þ k22B þ k21B k22B  3Þ=Jlim
 e
l
UB
H
 2
k2Bk
2
1B ¼ 0 ðB:4Þ
when s2B = 0.
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